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We discuss classical composite p-brane solutions and their quantization using the conjecture that their fluc- 
tuations may be described via degrees of freedom of Dirichlet strings ended on these p-branes. We work with 
Dirichlet (super) strings in framework of string field theory for open (super)strings. To elaborate in this scheme 
the eleventh dimension modes we take just a collection of Dirichlet strings which in their middle points have 
jumps in eleventh dimension. This theory can be seen as string field theory in infinite momentum frame of an 
eleven dimensional object. 
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1. Introduction 

Recent remarkable developments in superstring 
theory led to the discovery that the five known 
superstring theories in ten dimensions are related 
by duality transformations and to the conjecture 
that M-theory underlying the superstring theo- 
ries and 11 dimensional supergravity exists (see 

D-branes M~vl carrying Ramond-Ramond 
charges play crucial roles in non-perturbative un- 
derstanding of string theories based on duali- 
ties. Duality requires the presence of D-p-branes 
in the superstring spectra. A derivation of the 
Bekenstein-Hawking formula for the entropy of 
certain extreme black holes was given by using 
the D-brane approach 0. 

D-branes have an interpretation as solitons. p- 
brane classical solutions with Ramond-Ramond 
charges were found in supergravity theory which 
describes the low energy dynamics of superstring 
theory fls|-|i"o|]. The classical p-brane solutions 
have the following specific features: 

i) existence of multi-center solutions (multi- 
soliton solutions); 

ii) harmonic superposition rule; 

iii) S-duality; 

iv) T-duality. 

As to quantum theory of these solitons it was 
proposed that D-branes internal degrees of free- 
dom originate from the Dirichlet open strings. 
In particular, the degrees of freedom represent- 



ing the collective coordinates for translation of 
D-branes come from a part of the massless gauge 
fields. 

In this talk after a short review of known 
classical composite p-brane solutions we will 
try to push further this idea and to identify 
the quantum theory of D-branes with covariant 
bosonic string field theory (SFT) for Dirichlet (su- 
perstring. 

Another approach to D-brancs using SFT 
would consist in an identification of D-branes 
with classical solutions (solitons) in closed SFT 
and in using the quantization around D-branes 
a la background formalism in local field theories 
pd| ] (few comments about background formalism 
in SFT see [Q). However, this attempt meets 
a problem with a complicated form of covariant 
SFT for closed superstrings. | 

To elaborate the Witten idea that to get the 
strong coupling IIA theory we have to take a 
collection of N D-O-branes we just take a matrix- 
valued SFT for Dirichlet string. As a low en- 
ergy theory this theory in non-compact case re- 
produces M(artix) quantum mechanic of Banks- 
Fishler-Shenker-Susskind (BFSS)@. Taking 
SFT for D-0 branes on R 1 x T k x R 9 ~ k one gets 
in low energy limit super Yang-Mills theory on 
R 1 x T k . Using an old idea of getting matrix 
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2 When this notes has been completing we got an inter- 
esting paper where another way of introducing D-hrancs 
into closed SFT was considered. The authors of [[L3j add 
to the SFT action a term describing the direct interaction 
between D-brane and closed string. 
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models from strings |l6(| we also argue that BFSS 
M(atrix) quantum mechanics for large N contains 
all string excitations. However this is not so for 
finite N. To make contact with 11-th dimensional 
theory BFSS identify matrix indices with 11-th 
component of momentum in the infinite momen- 
tum frame (IMF). One can go further and identify 
"colour" (or Chan-Parton) indices with the 11-th 
component of momentum for string fields. This 
interpretation gives a natural geometric picture of 
the interaction in IMF and proposes to identify a 
parameter of " light-cone- like" covariant SFT Q 
with 11-th component of momentum. 

Having in mind that dynamics of solitons in 
Sin-Gordon model is described by the Thirring 
model and that 



Sin — Gordon 



Thirring 



duality has an explicit realization in the Man- 
delstam formula one can expect that an explicit 
construction relating 

IIA SFT-*-^_ 

D-SFT 

IIB SFT"^^ 
exists. A proposal how to get IIA SFT from zero- 
mode exitations of D-0 theory on R 1 x T 1 x R 8 
|20|| has been recently proposed in |^l| . 

The presentation of the material is the follow- 
ing. In Section 2 we sketch a general scheme of 
getting solutions of effective low energy field the- 
ory and in Section 3 we discuss the SFT for the 
Dirichlet superstrings. 

2. Classical Composite p-brane Solutions 

2.1. Algebraic method for finding solutions 

To clarify the general picture of classical p- 
brane solutions it seems useful to have solutions 
in arbitrary spacetime dimension. In this section 
results obtained in recent works ||^] (see also (23] ; 
the similar results was been obtained by T.Ortin 
Q) will be presented. In these papers a system- 
atic algebraic method of finding p-brane solutions 
in diverse dimensions was developed. A starting 
point is an ansatz for a metric on a product man- 
ifold. Using the Fock-Dc Donder harmonic gauge 

3 About duality in QFT see 



we get a simple form for the Ricci tensor. Then 
we consider an ansatz for the matter fields and use 
the "no- force" condition. This leads to a simple 
form of the stress-energy tensor and moreover the 
equation for the antisymmetric fields are reduced 
to the Laplace equation. The Einstein equations 
for the metric and the equation of motion for the 
dilaton under these conditions are reduced thence 
to an algebraic equation for the parameters in the 
Lagrangian. 

Let us consider the action with k antisymmetric 
fields A dj , dA I dj — Fj i+1 , I = 1, ...k and several 
dilatons <b, 



d u X, 



(V<^ 



-s'<j> F i z 



S 2(d/ + l)! 



(1) 



The metric which solves equations of motion for 
the action IXu) has the form 



ds 2 = Xtot{ ^2 \ L VKLdy K dy L + ^ dx^dx 1 ) 

K,L=0 7 



Xtot 



1=1 



iKn^ Aoi n^ Abt )~ 



1=1 a 



The notations are the following 



di 



2(D - 2) 



a 1 = 



1 



t J di 



(2) 



(3) 



H^, a = 1, . . . , Ei and , 6=1,..., Mi are har- 
monic functions depending on x 1 A 1 — (A aL ), 
a = l,...,Ei, and A 1 = (A fcL ), b = 1,...,M, 
L = 0, . . . , D — 1 are electric and magnetic in- 
cidence matrices. Their rows correspond to inde- 
pendent branches of the electric (magnetic) gauge 
field and columns refer to the space-time indices. 
The entries of the incidence matrices are equal 
to 1 or 0. Incidence matrices for fixed / have 
equal numbers of units in each row, and there are 
no rows which coincide. These matrices describe 
electric and magnetic configurations A e a and F^ 4 
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(for more details see |2^| ) and form a brane inci 
dence matrix 

/ Kl \ 
A 2 



PL 



(4) 



V *Zl J 



and the same for A. To make a contact with our 
previous notations note that A* L = 1 — A^ L . Ma- 
trix T has to satisfy the following characteristic 
equations 



a R a R ' 



D — 2 



D-l 



0; R ^ R' 



L=0 



= — 1(+1) for the electric(magnetic)-branes. 

2.2. S-duality 

In order to demonstrate S'-duality let us con- 
sider a new action, which is obtained from the ac- 
tion (Q) by replacing an antisymmetric field 
by another field F~ , di = D — 2 — di , and chang- 
ing the signs of the corresponding dilaton cou- 
pling constants on the opposite ones: a 1 — —a. 1 . 
S'-duality transforms the solutions of the theory 
(0) into the solutions of the theory with a new 
action. The corresponding transformations of the 
incidence matrices are 



A J aL -> A[ L = A{ L , ¥ bL - A aL = Ai L . (5) 

One can check that the new incidence matrices 
also satisfy the characteristic equations. 

One can also perform S-duality transformation 
([)]) only for some branches of the fields. In this 
case the dual theory may have more fields in com- 
parison with the initial one. 

2.3. Harmonic function rule 

Our solution (^) has a very simple structure. 
This becomes obvious if one rewrites the metric 
in the following form: 



(6) 



/ a 



where 



9kk 



9$x 



H 



U 



H p-A~y , (7) 

/(l-At, A -\~ pI 



U 



(8) 



The exponents are given by: 



j 4(£> - 2 - dj) t 

T = —TT^ — , P 



Ad! 



A I (D-2) ' A'(D-2y 

f)2 2d I {D-2-d I ) 
D-2 



(9) 
(10) 



For given incidence matrices and values of t 1 
and p 1 (|)-(|) gives the following rule for con- 
structing a metric. For each space-time direc- 
tion the coefficient in the metric is a product of 
functions H a and Uf, in an appropriate power. 

Namely, we put T (U^ P ) if the correspond- 
ing direction belongs to the n-th (d— 1)— electric 

((D — d— 3)— magnetic) brane, and we put if* 9 

(U^ ) if the corresponding direction is trans- 
verse to (d—1)— electric ((D — d—3)— magnetic) 
brane. Note that t 1 and p 1 are the same as in 
the corresponding single brane |^,^|. 

2.4. T-duality 

Let us consider generalized T-duality transfor- 
mations. T-duality transforms solutions for the 
action (Q) with one set of fields into solutions 
with another set of fields. We perform T-duality 
transformation along the direction corresponding 
to yi coordinate, q < Iq < D — s — 3. T-duality 
acts on the brane incidence matrix Trl &s fol- 
lows. We select the io-th column, change 1 into 
and vice versa and obtain a new brane inci- 
dence matrix. This matrix satisfies the character- 
istic equation if we simultaneously change dilaton 
coupling constants. More precisely, new dilaton 
coupling constants (3r are connected with the old 
ones a.R in the following way 



Pr/3r< a.Ra.Ri 



(11) 



2 2 

(1 - 2T Ria + d R ,){\ - 2T R , M) ) + (1 - 2T B , M) )d R 
D-2 

These relations give rather restrictive conditions 
on the initial theory parameters. 

3. SFT for Dirichlet strings 

We start with the bosonic part of the world- 
sheet action for a free (super)string in flat space- 
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time and in the conformal gauge 



drdcj 



, —(d+x >1 d-x v r\n V + c+<9_6_ + c_9_fo+), 

where M. is a surface with the boundary. To 
perform the covariant quantization we add ghost 
c(t, <t) and antighost b(r,a) fields. 

In the covariant string field theory (SFT) the 
string field A is a functional of the basic string 
variables. These in conformal gauge are the 
bosonic coordinates x tJ, (a,r) , \i — 0, ...9, the 
ghost and antighost variables c(a,r), b(a,r) and 
fcrmionic variables ^(cr, r), - M (cr, t) with cor- 
responding ghosts ri(a, r) and x(cr, r) (see Q 
for more details). Below for simplicity we will 
write only the formula for bosonic string. To deal 
with D-p-branes we suppose that the first p + 1 
components of x satisfy the Neumann boundary 
conditions and the last components satisfy the 
Dirichlet boundary conditions. More precisely, let 
a G [0, tt] be the normal coordinate and r be the 
tangential coordinate on an open string world- 
sheet and define z — e T+la . A "real" open string 
configurations x a (z,z) have Neumann boundary 
conditions: d a x a = at a = 0, tt. 

x a (z 7 z) = Xq — i'a'p a \nzz + x" sc 
m 



D-brane has Dirichlet boundary conditions x l = 
at a = 0, 7r: 



8x l z 

X l (z,z) = ^ ln ^+ I o S c; 



2 *-f m 



Neumann boundary conditions correspond to 
open strings with free ends (which move at the 
speed of light). Dirichlet strings are open strings 
attached to a fixed surface or point - the D-brane 
(in this case Sx l is the displacement between two 
endpoints of an open string). We left unchanged 
the boundary conditions for ghosts fields 



E 



±ncr . 



We will use a bosonized language for the ghosts 
where they are replaced by a scalar field 4> an d 
one can treat it as an 11-th coordinate = 10). 

The basic starting point of the Witten SFT is 
a non-commutative differential calculus in string 
space. This calculus is given by a triplet: 
(7i, Q, *), where 

i) Ti. is a Hilbert space with scalar product ( , ) ; 
this Hilbert space consists of string fields; 

ii) Q is a nilpotent operator (an analog of a 
derivation) ; 

iii) a wedge product *. 

Q is the BRST operator. The scalar product 
( , ) is given with the help of * and an integration 
J, (A,B) =J A* B. The Witten integration J A 
reads 

dx^e-^^Alx") ]~[ J(^(CT)-^(7r-o-)) 

0<er<7r/2 

and it represents a folding of the string about its 
midpoint. The reason for this definition is that 
for achieving the following property of integration 
J QA = 0. The wedge product with two string 
functionals A and B associates the third one, C = 
A* B 



dy^dy^y 10) ^A[x1 



U 1 



0<cr<7r/2 

Hereto-) =x> M (a), < a < vr/2; x%(a) = 
x M (| + a), < a < tt/2. The string field La- 
grangian has the Chern-Simons form 



S = I (A*QA + -A*A*A) 



(12) 



It is invariant under gauge transformations 

5A = QA + A* A- A* A (13) 

This gauge invariance immediately follows from 
the properties obeying by the Q, * and J : 

i) associativity A * (B * C) = (A * B) * C; 

ii) the Leibnicz rule Q(A * B) = (QA) * B + 
(-1)WA*(QB), 

iii) integration "by parts", J (QA) * B = — J A* 
(QB) and iv) JA*B = (-1)\ A W B \ J B * A, with 
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\A\ = N gh (A) - |, N gh is the ghost number. The 
string field has ghost number — i. 

In the case of N D-p-branes we deal with matrix 
valued string fields A a b[xj^ , x^} with the follow- 
ing boundary conditions 

*i(0) = a = 0,...p,10; (14) 

4(0) = i=P+l,..-9; 

For our purposes it is enough to consider 8x l = 0. 
It is convenient for us to select an expect depen- 
dence of the center mass position in string fields 

A=(A ab [x% oca ,x% oac ,a%]), a, 6=1, ...N, (15) 

here x^ ocs and xj( osc means only the oscilla- 
tions of right and left parts of strings. We as- 
sume that these functionals may be considered as 
fields describing M-theory in 11 dimension in the 
infinite momentum frame (IMF). More precisely, 
we assume that in IMF only string configurations 
with x n (o) = Ci, < a < tt/2, x ll {a) = C u 
tt/2 < a < 7r are important (see Fig.l) and 

^4ab[a; M ] = A ab [x1 ocs , x Rosc , x$ , x 11 ] = (16) 



c " ^ab[X L ocs , X R osc , Xq J 

and M-theory action has the form 

S = J dxl 1 J Tr(A *A*A) (17) 

The interaction is presented on Fig. 2 . 

A D-brane sandwich of open strings gives rise 
to the following massless states: 

A /Jab «)a1 1 |Q>= (18) 

(Ap a6«)<A|0 >; Ai ab{Xo)a^\0 >) 

H = 0, 1, ..9; a,j3 = 0, 1, ...p;i =p + 1, ...9. 

S = J (A* QA) for the fields © gives the 
Maxwell action for Ap a b(xg and a free scalar ac- 
tion for Aj afc(^o)- A ab = -Xi ab are considered 
p4| as non-commutative coordinates of D-brane 
(compare with attempts of dealing with non- 
commutative structure of space-time in frame- 
works of quantum groups |pq] ). The interaction 
term ( |l2| ) after integration over the ghost and 
auxiliary fields will reproduce a reduced version 
of ten-dimensional Yang- Mills action (N=l, d=10 



G 




Figure 3. D-branes for x 1 compact direction, 
x 1 (0) = x 1 (7r) + 27rni? 1 



super Yang-Mills action for NSR superstring). If 
one takes p = 0, D-particle, then the zero-modes 
theory is matrix N=8 super quantum mechanics. 

Now we will show that all highest string exci- 
tations can also be encoded in zero-mode matrix 
fields. The trick is based on the following con- 
sideration (l6). Let us introduce a lattice Z D in 
R D with lattice spacing a. String is a contour 
on the lattice and to specify the string configu- 
ration it is necessary to specify the initial point, 
say x, as well as links along which the string lies. 
Let T x (l) be the space of all strings on the lattice 
Z D of length I with starting point x G Z D . It is 
clear that T x (l) and T y (l) are isomorphic for any 
x, y G Z D and we have a finite number, say iV 
elements which can be enumerated in some way. 

It is convenient for us to imagine the string of 
length 21 — 2ka to be composed of two "halves": 

fe 

7x = ( x - X! e /*i» Ml) •— A*fe) (left-half) 

i 

= (x, fXk+i, — -M2fe) (right-half) 

Here a; is a middle point and fj,i i = 1, ...2k are 
directions of string links and e M is an unit vec- 
tor along ^-direction. For the Dirichlet string 
ending on the same point we have a restriction 

Ei=i e w = The s P ace 01 ri 8 ht half r x ( 2 is 
isomorphic to T x (l) and its elements can be nu- 
merated in the same way as the elements of T x (l). 




Figure 4. A D-brane sandwich in 11 dimensions 
with x 1 compact direction 



The elements of the left halves T x (2l) can be nu- 
merated as if they are the strings (x, —^k, ■■■■^i). 
One can use the following notations: any string 
of length 21 with midpoint x will be denoted 
as (x, a, b), where a specifies the right half of 
string and b numerates the left half of the string. 
Therefore a scalar functional ^.[7] on the string 
7 = (x, a, b) on the lattice is in fact a matrix 
function 

A[j]=A ab (x), a,b = l,...N, xeZ d 

and in continuous case one gets an isomorphism 

strings 00 x oo-inatrices 

Therefore we get a matrix realization of the Wit- 
ten algebra where fields are matrix <& a b(x) de- 
pending on parameter x, the product * is the 
matrix product, 

(A*^) ab (x) = A ac (x)^ cb (x) 

and the integral is J A = ^2 x trA{x). It is clear 
that the condition i) is satisfied. 

It is obvious that for Dirichlet strings ending 
on the same hyperplane we left with A ab {x), x G 
Z p+1 and for the case of p = we left with ma- 
trices depending only on one parameter. 

In the case when there is one compact direction, 
say x p+1 , the state |0 > is specified by an extra 
integer parameter n (winding number), that gives 
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rize to the following fields (compare with P0| ) 

{Ap ab{xo,n)a p _ 1 \0,n>;X i ab (x% ,n)a l _ 1 \Q,n >), 

X p+ i(n) — X p+ i(0) + 2irRnI, that can be col- 
lected to fields on a dual torus 

A a ab (x a , x p ^ 1 ) = ^ ' girtx ab {x a ,n), 

A p+1 ab (x a , X P+ 1 )=Y / e mxP+1 X p+1 ab {x a ,n), 

X t ab {x a ,x p+1 ) =J2e inx * +1 X ab (x a ,n), 

a = 0, ...p; i = p + 2, ...9. In the case of p = 
this construction produces the d — 2 N — 8 super 
Yang-Mills on the cylinder. 

In the case when we have from beginning two 
D-branes, D-p and D-p' branes, the Witten inter- 
acting vertex produces the states corresponding 
to an open string which is attached at one end to 
a D-brane while the other end is free. In this case 
one has the following mode expansion 



2 * — ' m z 



1 —±^—) 

m+l/2 2 m + 1 / 2 



i' = p + 1, ...p'. Note that this string has no zero 
modes and it does not produce the new massless 
fields. This gives an explanation of the harmonic 
superposition rule. 
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